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METALLURGICAL THERMODYNAMICS II

Systems of Variable Composition:

Ideal Behavior



Fundamental Property Relation for Systems of Variable Composition

Basic relation connecting the Gibbs free energy to the temperature and pressure 

of any closed system

For the case of an open system, nG is still a function of T and P, and also a 

function of the number of moles of each chemical species since material may be 

taken from or added to the system

differentiating: 

𝑑(𝑛𝐺) = (𝑛𝑉)𝑑𝑃 − (𝑛𝑆)𝑑𝑇

𝑛𝐺 = 𝑔(𝑃, 𝑇, 𝑛1, , 𝑛2, , 𝑛3, … 𝑛𝑖)

𝑑 𝑛𝐺 =
𝛿 𝑛𝐺

𝛿𝑃
𝑇,𝑛

𝑑𝑃 +
𝛿 𝑛𝐺

𝛿𝑇
𝑃,𝑛

𝑑𝑇 + 

𝑖

𝛿 𝑛𝐺

𝛿𝑛𝑖 𝑃,𝑇,𝑛𝑗

𝑑𝑛𝑖

(𝑛𝑉) −(𝑛𝑆) (𝜇𝑖)

𝑑 𝑛𝐺 = 𝑛𝑉 𝑑𝑃 − 𝑛𝑆 𝑑𝑇 + 𝜇𝑖𝑑𝑛𝑖



Consider a closed system consisting of two phases that are considered open 

systems

A total-system property is expressed by an equation of the following form:

so

Since the two-phase system is closed the constant composition form also holds

Thus at equilibrium

The changes 𝑑𝑛𝑖
𝛼

and 𝑑𝑛𝑖
𝛽

result from mass transfer between phases so that

𝑑 𝑛𝐺 𝛼 = 𝑛𝑉 𝛼𝑑𝑃 − 𝑛𝑆 𝛼𝑑𝑇 + 𝜇𝑖
𝛼 𝑑𝑛𝑖

𝛼

𝑑 𝑛𝐺 𝛽 = 𝑛𝑉 𝛽𝑑𝑃 − 𝑛𝑆 𝛽𝑑𝑇 + 𝜇𝑖
𝛽 𝑑𝑛𝑖

𝛽

𝑛𝑀 = (𝑛𝑀)𝛼+(𝑛𝑀)𝛽

𝑑 𝑛𝐺 = 𝑛𝑉 𝑑𝑃 − 𝑛𝑆 𝑑𝑇 + 𝜇𝑖
𝛼 𝑑𝑛𝑖

𝛼 + 𝜇𝑖
𝛽 𝑑𝑛𝑖

𝛽

𝑑(𝑛𝐺) = (𝑛𝑉)𝑑𝑃 − (𝑛𝑆)𝑑𝑇

 𝜇𝑖
𝛼 𝑑𝑛𝑖

𝛼 + 𝜇𝑖
𝛽 𝑑𝑛𝑖

𝛽 = 0

𝑑𝑛𝑖
𝛼 = −𝑑𝑛𝑖

𝛽

 (𝜇𝑖
𝛼 − 𝜇𝑖

𝛽)𝑑𝑛𝑖
𝛼 = 0



Thus multiple phases at the same T and P are in equilibrium when the chemical 

potential of each species is the same for all phases

The general criteria for equilibrium is applied to systems with given volumetric 

data according to the relationships between Gibbs energy, enthalpy, entropy, etc. 

Let’s consider the ideal-gas mixture as the model system

n moles of ideal gas occupies a total nA moles of species A in an ideal gas

volume V’ at temperature T mixture occupy the same volume

The pressure is 

𝜇𝑖
𝛼 = 𝜇𝑖

𝛽 = ⋯ = 𝜇𝑖
𝜋 (i = 1,2,...,N)

n mole of 

ideal gas 

nA+nB moles 

of ideal 

gases 

A and B

𝑃 =
𝑛𝑅𝑇

𝑉′
𝑝𝐴 =
𝑛𝐴𝑅𝑇

𝑉′

𝑝𝐴
𝑃
=
𝑛𝐴
𝑛
= 𝑦𝐴



where yA is the mole fraction of ideal gas A in the gas mixture, and pA is the 

partial pressure of A. The sum of the partial pressures equals the total pressure

Gibbs’ Theorem states that:

A total thermodynamic property such as nG, nS, nV, etc. of an ideal gas mixture is 

the sum of the total properties of the individual species, each evaluated at the 

mixture temperature but at its own partial pressure

Mathematical expression for the general property M is as follows:

Exceptions are enthalpy and internal energy of ideal gas which are independent 

of pressure

since

𝑝𝐴 = 𝑦𝐴𝑃

𝑛𝑀𝑖𝑔 𝑇, 𝑃 = 𝑛𝑖𝑀
𝑖𝑔
𝑖(𝑇, 𝑝𝑖)

𝑀𝑖𝑔 𝑇, 𝑃 = 𝑦𝑖𝑀
𝑖𝑔
𝑖(𝑇, 𝑝𝑖) (i = 1,2,...,N)

𝐻𝑖𝑔 𝑇, 𝑃 = 𝑦𝑖𝐻
𝑖𝑔
𝑖(𝑇, 𝑃)

𝑈𝑖𝑔 𝑇, 𝑃 = 𝑦𝑖𝑈
𝑖𝑔
𝑖(𝑇, 𝑃)

𝑑𝐻 = 𝐶𝑃𝑑𝑇 + 𝑉 − 𝑇
𝛿𝑉

𝛿𝑇
𝑃

𝑑𝑃

𝑑𝑈𝑖𝑔 = 𝐶𝑉𝑑𝑇
(𝑑𝐻 = 𝑇𝑑𝑆 + 𝑉𝑑𝑃) 



The entropy of an ideal gas depends on pressure since

and

At constant temperature

rearranging gives

since total entropy is

Total entropy of the 

ideal gas mixture

𝑑𝑆 = 𝐶𝑝
𝑑𝑇

𝑇
−
𝛿𝑉

𝛿𝑇
𝑃

𝑑𝑃 𝑑𝑆𝑖𝑔 = 𝐶𝑝
𝑖𝑔 𝑑𝑇

𝑇
−
𝑅

𝑃
𝑑𝑃

𝑑𝑆𝑖𝑔𝑖 = −𝑅𝑑 ln𝑃

𝑆𝑖𝑔𝑖 𝑇, 𝑃 − 𝑆
𝑖𝑔
𝑖 𝑇, 𝑝𝑖 = −𝑅 ln

𝑃

𝑝𝑖
= −𝑅 ln

𝑃

𝑦𝑖𝑃
= 𝑅 ln 𝑦𝑖

𝑆𝑖𝑔𝑖 𝑇, 𝑝𝑖 = 𝑆
𝑖𝑔
𝑖 𝑇, 𝑃 − 𝑅 ln 𝑦𝑖

𝑆𝑖𝑔 𝑇, 𝑃 = 𝑦𝑖𝑆
𝑖𝑔
𝑖(𝑇, 𝑝𝑖) = (𝑆

𝑖𝑔
𝑖 𝑇, 𝑃 − 𝑅 ln 𝑦𝑖 )

𝑆𝑖𝑔 𝑇, 𝑃 = 𝑦𝑖𝑆
𝑖𝑔
𝑖 𝑇, 𝑃 − 𝑅 𝑦𝑖ln 𝑦𝑖



This general relation applies for the Gibbs free energy of ideal gas mixture,

substituting with the enthalpy and entropy terms gives,

hence,

where 𝐺𝑖𝑔 is the total Gibbs free energy of the ideal gas mixture at the mixture 

temperature and pressure

𝐺𝑖𝑔(𝑇, 𝑃) = 𝑦𝑖𝐻
𝑖𝑔
𝑖(𝑇, 𝑃) − 𝑇 𝑦𝑖𝑆

𝑖𝑔
𝑖(𝑇, 𝑃) + 𝑅𝑇 𝑦𝑖ln 𝑦𝑖

𝐺𝑖𝑔 = 𝐻𝑖𝑔 − 𝑇𝑆𝑖𝑔

 𝑦𝑖𝐺
𝑖𝑔
𝑖(𝑇, 𝑃)

𝐺𝑖𝑔(𝑇, 𝑃) = 𝑦𝑖𝐺
𝑖𝑔
𝑖 (𝑇, 𝑃) + 𝑅𝑇 𝑦𝑖ln 𝑦𝑖



Effect of Mixing

When appropriate amounts of a pure species at T and P are mixed to form one 

mole of mixture at the same T and P, a change in thermodynamic properties 

occurs

Enthalpy change of mixing is zero for ideal gases:

Entropy change of mixing is always positive since mixing processes are 

irreversible:

Change in Gibbs free energy by mixing is always negative and proportional to the 

entropy change in quantity

𝑀 − 𝑦𝑖𝑀𝑖 = 𝑐ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑀 𝑏𝑦 𝑚𝑖𝑥𝑖𝑛𝑔

𝐻𝑖𝑔 − 𝑦𝑖𝐻
𝑖𝑔
𝑖 = 0

𝑆𝑖𝑔 − 𝑦𝑖𝑆
𝑖𝑔
𝑖 = 𝑅 𝑦𝑖ln

1

𝑦𝑖

𝐺𝑖𝑔 − 𝑦𝑖𝐺
𝑖𝑔
𝑖 = 𝑅𝑇 𝑦𝑖ln 𝑦𝑖



Example – What is the change in entropy when 0.7 m3 of CO2 and 0.3 m3 of N2

blend to form a homogeneous gas mixture at 1 bar and 25 °C if they can be 

considered ideal gases? 



Example – A vessel divided into two parts by a partition contains 4 mol of 

nitrogen gas at 75 C and 30 bar on one side and 2.5 mol of argon gas at 130 C 

and 20 bar on the other. What is the change in entropy if partition is removed and 

the gases mix adiabatically and completely? N2 and Ar are considered ideal gases 

with Cv=5/2R and 3/2R respectively



The Gibbs free energy of n moles of ideal gas mixture :

since yi=ni/n,

and since n =  𝑛𝑖,

Seperating particular species A from the set 𝑖 of all species, set 𝑗 of all 

species except A is left in the equation:

𝑛𝐺𝑖𝑔 = 𝑛𝑖𝐺
𝑖𝑔
𝑖 + 𝑅𝑇 𝑛𝑖 ln 𝑦𝑖

𝑛𝐺𝑖𝑔 = 𝑛𝑖𝐺
𝑖𝑔
𝑖 + 𝑅𝑇 𝑛𝑖 ln 𝑛𝑖 −𝑅𝑇 𝑛𝑖 ln 𝑛

𝑛𝐺𝑖𝑔 = 𝑛𝑖𝐺
𝑖𝑔
𝑖 + 𝑅𝑇 𝑛𝑖 ln 𝑛𝑖 −𝑅𝑇𝑛 ln 𝑛

𝑛𝐺𝑖𝑔 = 𝑛𝐴𝐺
𝑖𝑔
𝐴 + 𝑛𝑗𝐺

𝑖𝑔
𝑗 + 𝑅𝑇𝑛𝐴ln 𝑛𝐴 + 𝑅𝑇 𝑛𝑗 ln 𝑛𝑗 −𝑅𝑇𝑛 ln 𝑛



The chemical potential of species A in an ideal gas mixture:

and the Gibbs free energy:

Gibbs free energies 𝐺𝑖𝑔𝐴and 𝐺𝑖𝑔𝑗 are constant since the differentiation is at 

constant temperature, pressure and composition of species other than A

Therefore

Since 𝑛 = 𝑛𝐴 +  𝑛𝑗, 
𝛿𝑛

𝛿𝑛𝐴 𝑗
= 1, so the equation reduces to

or

𝑛𝐺𝑖𝑔 = 𝑛𝐴𝐺
𝑖𝑔
𝐴 + 𝑛𝑗𝐺

𝑖𝑔
𝑗 + 𝑅𝑇𝑛𝐴ln 𝑛𝐴 + 𝑅𝑇 𝑛𝑗 ln 𝑛𝑗 −𝑅𝑇𝑛 ln 𝑛

𝜇𝐴
𝑖𝑔 =
𝛿 𝑛𝐺

𝛿𝑛𝐴 𝑃,𝑇,𝑛𝑗

𝜇𝐴
𝑖𝑔 = 𝐺𝑖𝑔𝐴 + RT 𝑛𝐴

𝛿 ln 𝑛𝐴
𝛿𝑛𝐴 𝑗

+ ln𝑛𝐴 − 𝑅𝑇 𝑛
𝛿 ln 𝑛

𝛿𝑛𝐴 𝑗
+ ln𝑛

𝛿𝑛

𝛿𝑛𝐴 𝑗

𝜇𝐴
𝑖𝑔 = 𝐺𝐴

𝑖𝑔 + 𝑅𝑇 ln
𝑛𝐴
𝑛

𝜇𝐴
𝑖𝑔 = 𝐺𝐴

𝑖𝑔 + 𝑅𝑇 ln 𝑦𝐴



Ideal Solutions

A liquid mixture comprised of molecules of the same size and equal forces 

between all molecules is regarded as an ideal solution

Like ideal gas mixtures, total properties of the ideal solution depend only on the 

properties of the pure species and their concentrations in the solution:

where 𝑉𝑖𝑑 is the molar volume of the ideal solution formed from pure species 

with real molar volumes 𝑉𝑖 at the temperature and pressure of the mixture

Formation of ideal solutions results in no change in total volume or molecular 

energies, hence enthalpy of formation is similar to ideal gas mixtures:

The entropy of an ideal solution increases by mixing since it is an irreversible 

process

𝑉𝑖𝑑 = 𝑥𝑖𝑉𝑖

𝐻𝑖𝑑 = 𝑥𝑖𝐻𝑖

𝑆𝑖𝑑 = 𝑥𝑖𝑆𝑖 − 𝑅 𝑥𝑖ln 𝑥𝑖



This general relation applies for the Gibbs free energy of ideal solution,

substituting with the enthalpy and entropy terms gives,

hence,

Where the quantities 𝐻𝑖, 𝑆𝑖, 𝐺𝑖 are the properties of any pure species i at the 

mixture temperature and pressure

The chemical potential of species A in an ideal solution is again obtained by 

derivation of Gibbs free energy 

𝐺𝑖𝑑 = 𝑥𝑖𝐻𝑖 − 𝑇 𝑥𝑖𝑆𝑖 + 𝑅𝑇 𝑥𝑖 ln 𝑥𝑖

𝐺𝑖𝑑 = 𝐻𝑖𝑑 − 𝑇𝑆𝑖𝑑

 𝑥𝑖𝐺𝑖

𝐺𝑖𝑑 = 𝑥𝑖𝐺𝑖 + 𝑅𝑇 𝑥𝑖 ln 𝑥𝑖

𝜇𝐴
𝑖𝑑 = 𝐺𝐴 + 𝑅𝑇 ln 𝑥𝐴



An ideal solution shows thermodynamic mixing characteristics identical to those 

of ideal gas mixtures except ideal solutions have intermolecular interactions 

equal to those of the pure components

Behavior of solutions comprised of molecules not too different in size and of the 

same chamical nature is approximated to ideal solution behavior

A mixture of isomers conforms closely to ideal solution behavior



Example – How many moles of pure methanol and pure water at 25 °C should be 

mixed to form 2000 cm3 of antifreeze consisting of 30 mol % methanol in water 

at 25 °C? Consider antifreeze as a) ideal solution and b) real solution. Molar 

volumes of pure species and partial molar volumes at 25 °C are given as

VM= 40.727 cm3/mol, VM
P= 38.632 cm3/mol

VW= 17.765 cm3/mol, VW
P= 18.068 cm3/mol



Consider a liquid phase and a vapor phase coexisting in equilibrium at T and P

The condition of vapor/liquid equilibrium requires that:

If the vapor phase is approximated by an ideal gas and liquid phase by an ideal 

solution, the chemical potentials in the equality may be replaced as:

rearranging gives

where pure species properties are evaluated at the equilibrium T and P

Since the extensive properties of liquids have low pressure dependency:

where 𝑃𝑖
𝑠𝑎𝑡 is the saturation or vapor pressure of pure species i at temperature T

𝜇𝑖
𝑣 = 𝜇𝑖

𝑙 (𝑖 = 1,2, … , 𝑁)

𝐺𝑖
𝑖𝑔 + 𝑅𝑇 ln 𝑦𝑖 = 𝐺𝑖

𝑙 + 𝑅𝑇 ln 𝑥𝑖

𝑅𝑇 ln
𝑦𝑖
𝑥𝑖
= 𝐺𝑖

𝑙 𝑇, 𝑃 − 𝐺𝑖
𝑖𝑔 𝑇, 𝑃

𝐺𝑖
𝑙 𝑇, 𝑃 ≅ 𝐺𝑖

𝑙 𝑇, 𝑃𝑖
𝑠𝑎𝑡



Gibbs free energy of pure i:

For constant T, the pressure dependence of Gibb free energy is given as

integrating,

remember that

substituting:

Gibbs free energies of two phases coexisting at the same T and 𝑃𝑖
𝑠𝑎𝑡 are equal

Thus, Raoult’s law

The partial pressure of species i in the vapor phase is equal to the product of 

liquid phase mole fraction of i and its vapor pressure

𝐺𝑖
𝑖𝑔 𝑇, 𝑃𝑖

𝑠𝑎𝑡 − 𝐺𝑖
𝑖𝑔 𝑇, 𝑃 =  

𝑃

𝑃𝑖
𝑠𝑎𝑡
𝑅𝑇

𝑃
𝑑𝑃 = 𝑅𝑇 ln

𝑃𝑖
𝑠𝑎𝑡

𝑃

𝑑𝐺𝑖
𝑖𝑔 = 𝑉𝑖

𝑖𝑔𝑑𝑃 − 𝑆𝑖
𝑖𝑔𝑑𝑇

𝑑𝐺𝑖
𝑖𝑔 = 𝑉𝑖

𝑖𝑔𝑑𝑃

𝑅𝑇 ln
𝑦𝑖
𝑥𝑖
= 𝐺𝑖

𝑙 𝑇, 𝑃𝑖
𝑠𝑎𝑡 − 𝐺𝑖

𝑖𝑔 𝑇, 𝑃

𝑅𝑇 ln
𝑦𝑖
𝑥𝑖
= 𝐺𝑖

𝑙 𝑇, 𝑃𝑖
𝑠𝑎𝑡 − 𝐺𝑖

𝑖𝑔 𝑇, 𝑃𝑖
𝑠𝑎𝑡 + 𝑅𝑇 ln

𝑃𝑖
𝑠𝑎𝑡

𝑃

𝑦𝑖𝑃 = 𝑥𝑖𝑃𝑖
𝑠𝑎𝑡



Raoult’s law is a set of N equations connecting variables T, P, yi, and xi

T

P

N-1 independent vapor phase mole fractions

N-1 independent liquid phase mole fractions 

Total number of independent variables: 2N

Specification of N of these variables allows the remaining N variables to be 

determined by solution of the N equilibrium relations given by the Raoult’s law

Example – The binary system acetonitrile/nitromethane conforms closely to 

Raoult’s law. Determine the partial pressure of acetonitrile in vapor phase at 75 

°C for a liquid composition of xa=0.6

ln 𝑃𝑎
𝑠𝑎𝑡 = 14.27 −

2945.47

𝑇 + 224

ln 𝑃𝑛
𝑠𝑎𝑡 = 14.20 −

2972.64

𝑇 + 209

𝑦𝑖𝑃 = 𝑥𝑖𝑃𝑖
𝑠𝑎𝑡 (𝑖 = 1,2, … , 𝑁)



A plot of pressures calculated as a function of liquid concentration versus liquid-

vapor concentrations gives the vapor/liquid equilibrium pressures in the form of 

phase diagram

P-x line represents states of saturated liquid

P-y line represents states of saturated vapor

Points between the saturated liquid and saturated vapor lines are in the two-

phase region where saturated liquid and saturated vapor coexist in equilibrium

The pressures where P-x and P-y lines intersect at the edges are vapor pressures 

𝑃𝑎
𝑠𝑎𝑡 and 𝑃𝑛

𝑠𝑎𝑡where saturated liquid and saturated vapor of pure species 

coexist

When P is fixed, temperature 

varies along composition axis

as an indirect function of vapor

pressures

Temperature range is bounded

by the saturation temperartures 

𝑇𝑎
𝑠𝑎𝑡, 𝑇𝑛

𝑠𝑎𝑡the temperatures at

which pure species exert vapor 

pressures equal to P

T-xy variation can be plotted
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Raoult’s law is an approximation based on 

ideal solutions

It is applicable to solvents of dilute solutions

for a narrow high concentration range

Partial pressure of solute in dilute non-ideal 

solutions is related closely by Henry’s law:

The proportionality constant h depends on 

the solute and solvent chemical species

Henry’s law becomes Raoult’s law when h 

equals the vapor pressure of pure solvent

Activity is a conversion function relating 

vapor pressures of condensed phases and 

non-ideal gases to thermodynamic 

equations derived for ideal gas mixtures of 

pure species 

𝑃𝑖 = ℎ𝑥𝑖

𝑎𝑖 =
𝑃𝑖
𝑃𝑖
𝑜 =

ℎ

𝑃𝑖
𝑜 𝑥𝑖 = 𝛾 𝑖𝑥𝑖



Activity of ideal solutions equal the 

concentration of species so that 𝛾 = 1

Activity coefficient of dilute real solutions 

that conform to Henry’s law may be greater 

or less than 1 

Activity coefficient is function of molecular 

interactions and hence, mole fractions

For the narrow dilute concentration range 

where Henry’s law is applicable, activity 

coefficient is constant

𝑎𝑖 =
𝑃𝑖
𝑃𝑖
𝑜 =

ℎ

𝑃𝑖
𝑜 𝑥𝑖 = 𝛾 𝑖𝑥𝑖



Relation between Raoult’s and Henry’s law

In a dilute solution, activity of solute B varies according to Henry’s law while the 

activity of solvent A conforms to Raoult’s law within the same concentration range

𝑎𝐵 = 𝛾𝐵𝑥𝐵 𝑤ℎ𝑒𝑟𝑒 𝛾𝐵 =
ℎ

𝑃𝐵
𝑜 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Derivation follows from partial Gibbs free energy equation:

𝑥𝐴𝑑𝐺𝐴
𝑃 + 𝑥𝐵𝑑𝐺𝐵

𝑃 = 0

𝑑𝐺𝐴
𝑃 = 𝑅𝑇𝑑 ln 𝑎

𝑥𝐴𝑑 ln 𝑎𝐴 + 𝑥𝐵𝑑 ln 𝑎𝐵 = 0
since  𝑑 ln 𝑎𝐵 = 𝑑 ln 𝛾𝐵𝑥𝐵 = 𝑑 ln 𝑥𝐵 and 𝑑𝑥𝐵 = 𝑥𝐵𝑑 ln 𝑥𝐵 and 𝑥𝐴 = 1 − 𝑥𝐵,

Integrating gives 

𝑃𝐴 = 𝑦𝐴𝑃 = 𝑥𝐴𝑃𝐴
𝑠𝑎𝑡, 𝑎𝐴 =

𝑃𝐴

𝑃𝐴
𝑠𝑎𝑡 = 𝑥𝐴

 
𝑎=1

𝑎

𝑑 ln 𝑎𝐴 = − 
0

𝑥𝐵 𝑑𝑥𝐵
1 − 𝑥𝐵

ln 𝑎 = ln 1 − 𝑥𝐵 = ln 𝑥𝐴

𝑎𝐴 = 𝑥𝐴



Example – Carbonated water contains CO2 and H2O. Determine the composition 

of the vapor phase in a sealed bottle of soda and the pressure exerted on the 

bottle at 10 °C if the liquid phase mole fraction of CO2 is 0.01. Henry’s constant 

for CO2 in water is about 990 bar.

𝑃𝐻
𝑠𝑎𝑡 = 0.01227 𝑏𝑎𝑟


